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1 Einstein Tensor

Bianci identity:

∇µRνρστ `∇νRρµστ `∇ρRµνστ “ 0 (1)

if we multiply the bianci identity above by metric matrix,then we can find:

gµσgρτ p∇µRνρστ `∇νRρµστ `∇ρRµνστ q “ 0

ñ ∇µRµν ´∇νR`∇µRµν “ 0
(2)

Where R is the Ricii scalar.
Then we can define the Einstein Tensor Gµν :

Gµν “ Rµν ´ 1{2gµνR (3)

Use E-H action, we can derive:
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δSg
δgµν

ñ ∇µG
µ
ν “ 0

δSm
δgµν

ñ 8πG
cp ∇µT

µ
ν “ 0

(4)

where Tµν is the energy-momentum tensor.
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2 Killing Vector

Let’s consider the motion in space-time:
The action is I “ 1{2mgµν 9xµ 9xν , and the momentums are Pµ “ mgµν 9xν .

dPµ
dτ

“ 1{2mBµgρσ 9xρ 9xσ (5)

This equation is another form of geodesic equation, if Bµgρσ “ 0, then Pµ is
constant. In sphere coordinates, since the metric matrix doesn’t depend on φ
and t, we can conclude that Pt, Pφ “ Lz are conserved.

If the metric matrix is independent of some coordinate µ˚, the corresponding
momentum Pµ˚ is conserved. P “ Pµ˚eµ

˚

, here we don’t sum the index over,in
general Pµ˚ is in some particular direction Kµ, so Pµ˚ “ KµPµ “ KµP

µ.This
Pµ˚ is a scalar. Then, we can define the killing vectors:

K “ KµBµ (6)

If the quantity Pµ˚ is a constant along the path of motion, we have:

dPµ˚

dτ
“ 0 Ø Pµ∇µpP

νKνq “ 0 (7)

Expanding the expression above, we have:

Pµ∇µpP
νKνq “ KνP

µ∇µP
ν ` PµP ν∇µKν

“ PµP ν∇µKν

“ PµP ν∇pµKνq

(8)

In the second line above, we use the geodesic equation Pµ∇µP
ν “ 0, and in the

third line ∇pµKνq means the symmetric part of ∇µKν , since PµP ν is a symmet-
ric matrix, only the symmetric part of ∇µKν will contribute. If ∇pµKνq “ 0,
then KνP

ν is conserved along the trajectory.

Thus, we find the Killing’s equation:
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∇pµKνq “ 0 (9)

The solution to this equation Kν is called killing’s vector.

In 3-D flat space, we have 6 conserved momentum Px, Py, Pz, Lx, Ly, LZ ,thus
we should have 6 killing’s vectors:
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Xµ “ p1, 0, 0q

Y µ “ p0, 1, 0q

Zµ “ p0, 0, 1q

Rµ “ p´y, x, 0q

Sµ “ pz, 0,´xq

Tµ “ p0,´z, yq

(10)

In 4-D space, the maximum killing vectors are 10. In Minkowski space, ds2 “
´c2dt2 ` dx2 ` dy2 ` dz2, it has 10 killing vectors, it has 4 translation killing
vectors, 3 rotation killing vectors and 3 boost killing vectors Bx, By, Bz:

Bx “ xBt ` tBx, etc. (11)

Flat Minkowski space is Maximally symmetric whose Ricci scalar is 0.
In n-D, there exits maximally symmetric spaces with R ą 0, const;R “ 0;R ă
0, const.. The space with constant positive R is n-sphere, and is called the de-
sitter space. The space with negative constant curvature is the hyperbolic space
or the anti de-sitter space.

3 geodesic separation

Let’s consider 2-D first.In flat 2-D space, suppose γsptq is a one-parameter family
of geodesic,for each s P R, γs is a geodesic parameterized by the affine parame-
ter t. Let γ1, γ2 to be 2 geodesic, then the geodesic separation stays the same.
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Now, let’s consider non-flat space. We are looking at the separation of two
geodesic. As we go up with the parameter t, we have the same parameter t in
both geodesic, then the geodesic separation is not a constant. We can derive a
equation for geodesic separation.
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