UF [FLORIDA

Special and General Relativity
PHZ6607 - Fall/2018

Karolina Garcia

Brendan O’Brien

Notes about the Special and General
Relativity class of August 29th, 2018.

Gainesville

September 4th, 2018



i

1) SPACE
Consider a two-dimensional Euclidean space, with two different coordinate sys-
tems, in which one is the rotation of the other by an angle ¢:
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Figure 1

For the rotation in Figure 1, the transformed coordinates =’ and 3’ will be given by
¥ =xcosp+ysing

(1)

y = —xsing + ycos o
The distance between two points {2 is invariant under this transformation. Thus
> = Az? + Ay? = Az + Ay”?, (2)

and so is the infinitesimal interval (or line element) ds*:

ds* = da* + dy' = da” + dy*. (3)

2) SPACE-TIME
Now consider a space-time diagram, in which the {ct’, 2’} coordinates are representing

a boost in the {ct,z} coordinates:
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Figure 2
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Note that the light cone does not change, and that the space and time axes scissor
together instead of remaining orthogonal in the traditional Euclidean sense (although they

do in the Lorentzian sense). The line element in this case is
ds® = —c*dt* + da”. (4)
The distance [ between the point (z1,ct;) - indicated in Figure 2 - and the origin is
=t + 1] <0, (5)

which represents a time-like separation from the origin. And in the case of the point

(cty,x3), this distance is expressed by [2:
I5=—cts+ x5 >0, (6)

representing a space-like separation from the origin. So the distance between those two
points is

AZQ = —C2(t2 — t1)2 + ($2 — 171)2, (7)

which can be positive or negative.

Considering that
ct" = ct cosh(y) — x sinh(x)

/

x’ = —ctsinh(y) + x cosh(),
if ' =0 — tanh(x) = ct/x;
if 2’ =0 — tanh(x) = z/ct;

if ' = 0 and tanh(x) = v/c — z = vt.

3) ORTHOGONALITY

Let’s begin by making X = (0,1) and 7 = (1/c,0). Thus, we have:

X' XV = (0 1) (_OCQ (1)) ((1)) — (0 1) G) —1 9)
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T g, = (1/c 0) (_002 (1)) (1éc> — (1/c 0) (_OC> — 1 (10)
Xr1vg,, = (1/c 0) (_OCQ 2) (?) — (-1 0) ((1)) =0, (11)

which means that X and 7" are orthogonal. However, if we consider V = (1/c, 1), then

ViV g,, = 0, because it’s time-like. And in the case of U = (—1/¢, 1), UFU"g,, # 0.
— Note: below onward, we will use (ct,x), as opposed to earlier when we used (x,ct).

Consider now that X = (ztanh(x),z) and T = (ct, ¢t tanh(x)). Thus

XH*T" g, = (ct cttanh(y)) <_01 (1)) <xtar;h(x)) (12)
X*T" g, = (ct cttanh(x)) (—xta;h(x)) (13)
XHT" g = xct(— tanh(x) + tanh(x)) = 0. (14)

In this case, X and T are orthogonal, and (0,2"), (ct’,0) are orthogonal in g,

(—ztanh(y) ) (‘01 (1)> <_“anh(X)) — 22(1 — tanh®(y)) (15)

X

4) COORDINATE TRANSFORMATIONS

ROTATION

If we want to make a rotation of angle ¢ around the z-axis, we should use the matrix

cos¢ sing 0
R, = |—sing cos¢ 0 (16)
0 0 1

This can be extended to the other axes by interchanging the second line/column with the
third line/column for a rotation around the y-axis (R%); and then the first line/column
with the second line/column for a rotation around the x-axis (RY). {Ry, RY, R}} repre-

sents a non-abelian rotation group.



BOOST

If we want to make a boost in the x-direction by an angle x:

cosh(x) —sinh(x) O
Bf = | —sinh(x) cosh(x) 0], (17)
0 0 1

which can also be extended to the other axes to find B}; and Bj.

{By, By, B;} + {Ry, RY, R} represents a larger non-abelian group.

By performing the boost, we have that:
ct' = ct cosh(x) — wsinh(x) = cosh(x)(ct — z tanh(x)) = cy(t — vz /c?) (18)

x' = —ctsinh(x) + z cosh(x) = v(z — vt) (19)

5) GEODESICS
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Figure 3

The extremal path corresponds to no forces (geodesics), and the proper time 7 is

reparametrization invariant. To find the length along the path S:

dxH dxv

Gy 9
I dr dr T (20)

To be better discussed in the next class.



