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1 Guage transformation vs coordinate transformation

As a brief aside, we’ll explicate the differences between a coordinate transformation and a
gauge transformation.

A coordinate transformation is defined by writing primed coordinates in terms of un-
primed coordinates xµ

′
(xµ). A coordinate transformation of a tensor is a linear transfor-

mation done by the matrices Λµ′
µ = ∂xµ

′
/∂xµ and Λµ

µ′ = ∂xµ/∂xµ
′
. For example, the

transformation of the metric is given by

gµν → gµ′ν′ =
∂xµ

∂xµ′
gµν

∂xν

∂xν′
.

While clearly the components of gµν change under a coordinate transformation, the tensor
(as a 2-form) is identical in both coordinates because the basis changes: dxµ

′
= d(xµ(xµ

′
)).

In other words,

ds2 = gµνdx
µdxν = gµ′ν′dx

µ′dxν
′
.

Constrastly, for a gauge transformation is defined by the pullback of a diffeomorphism.
Vector fields generate diffeomorphisms by “moving” points on the manifold along the vector
field. As an example, we take a diffeomorphism φ : M → M generated by the vector
field ξ. An infinitesimal gauge transformation of the metric given by this diffeomorphism
parameterized by ε is given by

ds′2 = φ∗ds2 = (φ∗gµν)(φ
∗dxµ)(φ∗dxν)

= gµν(x
µ + εξµ(xν))(dxµ + ε

∂ξµ

∂xα
dxα)(dxν + ε

∂ξν

∂xβ
dxβ)

=
(
gµν(x

µ) +
∂gµν
∂xγ

εξγ
)
dxµdxν + εgµν

∂ξν

∂xβ
dxµdxβ + εgµν

∂ξµ

∂xα
dxαdxν + · · ·

=
(
gµν + ε

(
ξγ
∂gµν
∂xγ

+ gαν
∂ξα

∂xµ
+ gµβ

∂ξβ

∂xν

)
+ · · ·

)
dxµdxν

=
(
gµν + εLξgµν + · · ·

)
dxµdxν

This containes derivatives of the metric, which does not happen in a coordinate transforma-
tion. Also

Lξgµν = ξα
∂gµν
∂xα

+ gαν
∂ξα

∂xµ
+ gµα

∂ξα

∂xν

= ξα∇agµν + gαν∇µξ
α + gµα∇νξ

α

= ∇µξν +∇νξµ

1



which is a diffeomorphism.
Similarly, for an arbitrary vector field, we can show that under the same gauge transfor-

mation,

Vadx
a →

(
Va + ε

(
ξb
∂Va
∂xb

+ Vb
∂ξb

∂xa

))
dxa

=
(
Va + εLξVa

)
dxa

Note that we needed vector fields in order to generate the isomorphism. We didn’t need
vector fields for coordinate transformations.

Carroll loosely compares the difference between gauge transformations and coordinate
transformations as the difference between active and passive transformations.

2 Gravitational Motion

Is there a way to associate gravity with geodesic motion in a curved space?
In Newtonian gravity, we have

ai = −∇iφ

where φ is the potential. In our discussion, we’ve found the geodesic equation

D2xµ

dτ 2
=
d2xµ

dτ 2
+ Γµνσ

dxν

dτ

dxσ

dτ
= 0

When considering the four-velocity vµ, we’ve found

vµvµ = −c2ṫ+ ẋ+ ẏ + ż = −c2

So for slow motion, we have the approximation ẋ� cṫ. To make progress, we need to assume
that gµν is static (or the particle’s motion could be an artifact of the coordinates). We then
find

Γµ00 =
1

2
gµν
(∂gν0
∂x0

+
∂gν0
∂x0
− ∂g00
∂xν

)
= −1

2
gµν

∂g00
∂xν

Then

D2t

dτ 2
=
d2t

dτ 2
− 1

2
gtν

∂g00
∂xν

( dt
dτ

)2
= 0

Assuming gravity is weak, we can write gµν = ηµν + hµν with |hµν | � 1. The second term
drops out, and

Dt

dτ
= const.
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For the spatial part

d2xi

dτ 2
− 1

2
gij
∂g00
∂xj

( dt
dτ

)2
= 0

d2xi

dt2
− 1

2
gij
∂g00
∂xj

= 0

Comparing this to a = −∇φ, it seems we want ∂iφ = −1
2
∂g00
∂xi

, so h00 = −2φ and

g00 = −1 + h00 = −(1 + 2φ)

This shows us how to relate the Newtonian equations of motion to the geodesics of general
relativity in the Newtonian limit.

3 Developing the Einstein equations

Now we want the equivalent of ∇2φ = 4πρ, which relates the potential (metric) to matter.
Our only clue is the stress tensor conservation ∇µTµν = 0. We need a tensor ∇µXµν =
κ∇µTµν = 0. We have considered Xµν = Gµν = Rµν− 1

2
RGµν . This tensor satisfies ∇µGµν =

0. Taking the trace of both sides,

−R = κT,

using which we write

Rµν = κ(Tµν −
1

2
Tgµν)

So we need the stress tensor to calculate gravity.

Tµν = m

∫
δ4(xα − zα(τ))√

−g
żµżνdτ

with the action

S = −mc
∫ √

−gµν ẋµẋνdτd4x

we have

Tµν = żµżν
mδ3(xµ − zµ(t))

√
−gṫ

For dust,

Tµν = ρuµuν ,

T = ρuµuµ = −ρc2

Tµν −
1

2
Tgµν = ρ(uµuν +

1

2
gµνc

2)

Using ∇2φ = 4πρ will help us figure out what κ is.

3


	Guage transformation vs coordinate transformation
	Gravitational Motion
	Developing the Einstein equations

