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The Killing vector on a sphere is equal to (0,1)

Lz = (0, 1) = pφ

This is the Killing vector and its index is up.
To satisfy Killing’s equation, ∇(µKν) = 0, we need to lower the index.

Kµ = (0, sin2 θ)

∇µKν +∇νKµ

Three sets of components; θθ, θφ, φφ.
So we have

Γθφφ = − sin θ cos θ

Γφθφ = Γθφθ = cot θ

θθ component:

∂θKθ + ΓθθφKθ + ΓφφθKφ = 0 Each term here is zero

φφ component:

∂φKφ − ΓθφφKθ − ΓφφφKφ = 0 Again, each term here is zero

θφ component:

∂θKφ − ΓθθφKθ − ΓφθφKφ + ∂φKθ − ΓθφθKθ − ΓφφθKφ = 2 sin θ cos θ − sin θ cos θ − sin θ cos θ = 0
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Lx = (− sinφ,− cot θ cos θ)

Kµ = (− sinφ,− sin θ cos θ)

To prove this using Killing’s theorem is not trivial. We proved it in a pretty trivial way here.

In 2D (ds2 = dr2 + r2dθ2),

Γrθθ = −r ; Γθrθ = Γθθr =
1

r

Rr
θrθ = ∂rΓ

r
θθ − ∂θΓrrθ + ΓrrµΓµθθ − ΓrθθΓ

θ
rθ

= ∂rΓ
r
θθ − ΓrθθΓ

θ
rθ = −1− (−r)

(
1

r

)
= −1 + 1 = 0

In flat space all 20 components of Rµ
νρσ are zero in any coordinate system.

Corollary: All 20 components are gauge invariant in flat space.

Derivatives

∇µV
µ = ∂µV

µ + ΓµνµV
ν

Γµνµ =
1

2
gµσ
(
∂gσµ
∂xν

+
∂gνσ
∂xµ

− ∂gνµ
∂xσ

)

=
1

2
gµσ

∂gσµ
∂xν

+
1

2
gµσ
(
∂gνµ
∂xσ

− ∂gνµ
∂xσ

)
=

1

2
gµσ

∂gσµ
∂xν

There are three points to consider here.
1. g = ε̃µνρσg1µg2νg3ρg4σ = 1

n!
ε̃µνρσ ε̃αβγδgαµgβνgγρgδσ where n=4

2. gµα = 1
g

(
1

(n−1)!
ε̃µνρσ ε̃αβγδgβνgγρgδσ

)
3. ∂g =

(
1

(n−1)!
ε̃µνρσ ε̃αβγδgβνgγρgδσ

)
∂gαµ

∗ Example:
∂g

∂xη
=

(
1

(n− 1)!
ε̃µνρσ ε̃αβγδgβνgγρgδσ

)
∂gαµ
∂xη

= g gµα
∂gαµ
∂xη

• Now we can write,

∇µV
µ =

1

2
gµσ

∂gσµ
∂xν

=
1

2

1

g

∂g

∂xσ
= ∂µV

µ + ΓµνµV
ν = ∂µV

µ +
1√
−g

∂ν(
√
−g)V ν =

1√
−g

∂µ(
√
−g V µ)
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Now consider ∫ √
−g d4x ∂µV µ

We know how to use Stoke’s theorem in cartesian coordinates.
Covariantize to ∫ √

−g d4x ∇µV
µ =

∫
d4x ∂µ(

√
−g V µ)

1

2

∫ √
−g d4x gµν ∂µ φ ∂ν φ

−
∫
d4x

(
∂µ
√
−g gµν∂ν φ

)
δφ

With insertion of
√
−g it can be written

−
∫ √

−g d4x
(

1√
−g

∂µ
√
−g gµν∂ν φ

)
δφ

The inside of the parentheses is

∇µ(gµν∇ν φ) = ∇µ(V µ) =
1√
−g

∂µ
√
−g gµν∂ν φ = 0
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