
PHY 6607 Special and General Relativity

Notes by: Brendan O’Brien (Sanjib Katuwal)

1. Diffeomorphisms

This lecture is a continuation of the previous lecture in which we discussed maps between

manifolds and submanifolds. We follow Appendix B from S. Carroll.

Recall the general case from last class: We had a manifold M which mapped to the

reals Rm, and a manifold N which mapped to Rn, and a map φ from M to N (Fig. 1).

Figure 1.

Today, we will look at the special case when n = m and N = M (Fig. 2). That is,

the two manifolds are actually the same. Recall from last class, we defined the pullback

of f by φ by:

φ∗f = (f ◦ φ).

We also gave a matrix description of the pullback operator:

(φ∗)αµ = dyα/dxµ.

If φ is a map from M to N , φ : M → N , and φ is invertible, then it defines a

diffeomorphism between M and N .
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Figure 2.

We will evaluate this at some point pεM . Since, φ maps M → M , it follows that

φ maps p→ qεM . When we look at pullbacks, we are able to associate tensors at q to

tensors evaluated at p.

1.1. Example: 2D Caertesian

Let’s begin to understand this by considering a trivial yet concrete example. Consider

a simple translation along the y-axis in 2D Caertesian coordinates:

x′ = x,

y′ = y + 2.

Figure 3.

If we have some tensor T ab, the transformation of the tensor looks like:

(T ab)′(x, y) = T ab(x′ = x, y′ = y + 2).

Something interesting to consider is:

∆T ab = (T ab)′ − T ab.
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We can associate this change with a vector ξ, where for our example, we have ξ = (0, 2).

So we’ve gone from coordinates xµ to xµ
′

= xµ + ξ. This is similar to what we did for

parallel transport, and it’s useful to think of a one parameter family of these.

In evaluating (T ab)′, there are two steps: (i) change from the coordinates xµ to xµ
′
,

and (ii) also move the point in the tensor. The change discussed above leads us to the

definition of the Lie derivative of a tensor T ab in the direction of some vector ξ:

∆T ab

t
=

(T ab)′ − T ab

t
= LξT.

Diffeomorphisms are closely related to coordinate transformations. They involve a

coordinate transformation from p to q, but they also involve a map from the point p to

the point q of tensors at p to tensors at q.

We looked at examples of the derivatives already. But let’s look at how they act

on different objects.

1.2. Lie derivative acting on vectors and tensors

Suppose we have the tensor V µ. We want to evaluate the Lie derivative this tensor

LξV µ. Let’s suppose we take ξ = (0, ξy). Some vector with component only in the

y-direciton. So we have:

x′ = x,

y′ = y + t ξy.

Let’s consider the partial derivative:

∂V µ

∂y
= limt→0

V µ(x, y + t ξy)− V µ(x, y)

t
.

So the Lie derivative of vector V µ is:

LξV µ = ξν∇νV
µ − V ν∇νξ

µ,

LξV µ = ξν∂νV
µ − V ν∂νξ

µ,

LξV µ = ξν∂νV
µ.

The action of the Lie derivative on a one-form is:

Lξωµ = ξν∇nuωµ + ων∇µξ
ν .

The action of the Lie derivative on the metric is:

Lξgµν = ξσ∇σgµν + gσν∇µξ
σ + gµσ∇νξ

σ

Lξgµν = gσν∇µξ
σ + gµσ∇νξ

σ

Lξgµν = ∇µgσνξ
σ + gµσ∇νξ

σ

Lξgµν = ∇µξν − ξσ∇µgµν +∇νξµ − ξσ∇νgµσ

Lξgµν = ∇µξν +∇νξµ.
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Note that we used properties of the metric and this is not true for an ordinary tensor.

What is this telling us? It says that the metric transforms as gµν → gµν+t(∇µξν−∇νξν).

So there is a one-to-one correspondance between the metric (in general all tensors)

at p to the metric (all tensors) at q i.e., there is a map from tensor at q to same tensor

at p. We notice that this arrangement is of the ”Killing form” as it matches the form

we associated with Killing vectors. So suppose ξµ is a Killing vector Kµ. We find that

∆g = ∇µKν +∇νKµ = 0. So the metric is left unchanged by the action of Kµ. We will

find that the scalar curvature R also does not change in the homework.

Before we return to Killing vectors, more on the stress tensor.

1.3. The stress tensor

If we have some action: S = 1
16πG

SEH (Einstein Hilbert action) +Sµ. We consider the

total variation:

δS =
1

16πG

(δSEH
δgµν

+ 16πG
δSµ
δgµν

)
δgµν +

δSµ
δφµ

δφµ.

With some normalization, the part δSEH
δgµν

becomes the Einstein tensor Gµν and the part
δSµ
δgµν

becomes the stress tensor T µν . Essentially, what we have in parentheses in the

above equation is: Gµν − 8πGT µν = 0 (the Einstein equation). The argument for why

this is zero is that we want it to be extremal under any metric perturbation, and so the

coefficient must be zero.

Now if we consider:

(Gµν − 8πGT µν)(∆gµν)

= (Gµν − 8πGT µν)(∇µξν +∇νξµ)

integrating by parts:

= −2(∇µG
µν − 8πG∇µT

µν)ξν .

For arbitrary ξν , ∇µG
µν−8πG∇µT

µν = 0. We know independently that ∇µG
µν = 0. So

this implies: ∇µT
µν = 0. So, the invariance of the metric under the action of abritrary

vectors implies that the stress tensor for matter is conserved.


