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Exam #2 Solutions

(1a) First compute the so-called “dual” field strength tensor,

cF̃ ρσ ≡ ǫρσµνcFµν =

(
0 ǫsmnFmn

−ǫrmnFmn 2ǫrsnF0n

)
=

(
0 −2cBs

+2cBr 2ǫrsnEn

)
.

Now 3 + 1 decompose the contraction of this into Fρσ,

FρσF̃
ρσ = 2F0iF̃

0i + FijF̃
ij = −8

c
~E · ~B .

(1b) The invariant interval is positive,

(x
µ
2 − x

µ
1 )(x

ν
2 − xν1)ηµν = −1 + ‖x̂+ ŷ‖2 = +1 .

Hence the events are spacelike separated.

(1c) The primed time difference is ∆t′ = γ(1 − ~β · (x̂ + ŷ)). This will vanish if we take
~β = 1

2(x̂+ ŷ). Of course the primed spatial separation is +1.

(1d) The particle’s velocity is ~u = 1
3 ŷc. We are boosting to the rest frame of a particle with

velocity ~v = −1
2 x̂c, which means β = 1

2 and γ = 2√
3
. Because ~u and ~v are orthogonal

we have ~u⊥ = ~u and u‖ = 0. Hence the particle’s velocity in the primed frame is,

~u′ = 1

1−~u·~v
c2

[√
1− β2 ~u⊥ + ~u‖ − ~v

]
=

(
1
2 x̂+ 1√

12
ŷ
)
c .

(1e) The two 4-momenta are,

p
µ
a = maγu

(
c
~u

)
, p

µ
b
= mbγv

(
c
~v

)
.

Hence their inner product is,

p
µ
ap

ν
bηµν = mambγuγv(−c2 + ~u · ~v) = −

√
3
2mambc

2 .

(2a) For the transformation to be canonical we need {Q,P} = 1. This means,

{
1
q , P (q, p)

}
= − 1

q2
∂P
∂p

= 1 =⇒ P (q, p) = −q2p+ F (q) ,

where F (q) is an arbitrary function of q.



(2b) Take F (q) = 0 to get H = 1
2P

2 + 1
2Q

2 which implies,

Q(t) = Q0 cos(t) + P0 sin(t) =
1
q0

cos(t)− q20p0 sin(t) ,

P (t) = P0 cos(t)−Q0 sin(t) = −q20p0 cos(t)− 1
q0

sin(t) .

Hence the general initial value solution is,

q(t) = q0
cos(t)−q3

0
p0 sin(t)

, p(t) =
[
p0 cos(t) +

1
q3
0

sin(t)
][
cos(t)− q30p0 sin(t)

]2
.

(2c) The Hamiltonian is H = p2

2mℓ2
+mgℓ[1− cos(θ)]. If the energy is E then the maximum

angle and the action variable are,

θm = cos−1
(
1− E

mgℓ

)
=⇒ J(E) = 2

∫ −θm

θm

dθ

√
2mℓ2E − 2m2gℓ3[1− cos(θ)] .

Hence the frequency is,

f(E) = 1
J ′(E)

=
√

g
2ℓ

[∫ θm

−θm

dθ√
cos(θ)−cos(θm)

]−1

.

(2d) Just make the small angle expansion,

cos(θ)− cos(θm) = 1
2

(
θ2m − θ2

){
1− 1

12

(
θ2m + θ2

)
+ . . .

}
.

Now substitute, expand and make the change of variable θ = θm sin(α) to find,

f(E) = 1
2π

√
g
ℓ

{
1− 1

16θ
2
m +O(θ4m)

}
= 1

2π

√
g
ℓ

{
1− E

8mgℓ
+ . . .

}
.

(2e) The exact equation of motion is θ̈ = −g
ℓ
sin(θ). If we define ω2 ≡ g

ℓ
and expand in

small angles, θ(t) = θ(0)(t) + θ(1)(t) + . . . , then the 0th and 1st order equations are,

θ̈(0) + ω2θ(0) = 0 , θ̈(1) + ω2θ(1) = 1
6ω

2
[
θ(0)

]3
.

The 0th order solution is,

θ(0(t) = θ0 cos(ωt) +
θ̇0
ω sin(ωt) ≡ Ae−iωt + A∗eiωt .

The 1st order solution is,

θ(1)(t) = 1
6ω

2
∫ t

0
dt′ sin[ω(t−t′)]

ω

[
Ae−iωt′ + A∗eiωt

′
]3

,

= −1
4AA∗t× θ̇(0)(t) + ∆Ae−iωt +∆A∗eiωt − 1

48

[
A3e−3iωt + A∗3e3iωt

]
,

2



where the amplitude shift is ∆A = 1
24A

3 + 1
8A

2A∗ − 1
8AA∗2 − 1

48A
∗3. Note that the

fractional frequency shift of −1
4AA∗ agrees with part (d).

(3a) Recall that Fourier transforming carries ~∇ to +i~k. Hence Maxwell’s equations become,

i~k · ~̃E = ρ̃
ǫ0

, i~k · ~̃B = 0 ,

i~k × ~̃B − 1
c2

˙̃
~E = µ0 ~̃J , i~k × ~̃E +

˙̃
~B = 0 .

(3b) The decoupled equations are,

(∂2t + c2k2) ~̃E = −c2
[
µ0

˙̃
~J + i~k

ǫ0
ρ̃
]

, (∂2t + c2k2) ~̃B = iµ0c
2~k × ~̃J .

(3c) The complete initial value solutions in Fourier space are,

~̃E(t, ~k) = ~̃E0(~k) cos(ckt) +
c
k

[
i~k × ~̃B0(~k)− µ0 ~̃J0(~k)

]
sin(ckt)

− c
k

∫ t

0
dt′ sin[ck(t− t′)]

[
µ0

˙̃
~J(t′, ~k) + i~k

ǫ0
ρ̃(t′, ~k)

]
,

~̃B(t, ~k) = ~̃B0(~k) cos(ckt)− i
ck
~k × ~̃E0(~k) sin(ckt)

+ iµ0c
k

∫ t

0
dt′ sin[ck(t− t′)]~k × ~̃J(t′, ~k)

.

The position-space results are obtained by inverse-Fourier transforming,

~E(t, ~x) =

∫
d3k
(2π)3

ei
~k·~x ~̃E(t, ~k) , ~B(t, ~x) =

∫
d3k
(2π)3

ei
~k·~x ~̃B(t, ~k) .

(3d) It’s best to do this in Fourier space,

~̃E(t, ~k) = −i~kΦ̃(t, ~k)−
˙̃
~A(t, ~k) , ~̃B(t, ~k) = i~k × ~̃A(t, ~k) .

Then the Coulomb gauge condition implies,

Φ̃(t, ~k) = 1
ǫ0k2

ρ̃(t, ~k) , ~̃A(t, ~k) = i
k2
~k × ~̃B(t, ~k) .

Inverse-Fourier transforming gives the potentials. Note that Φ(t, ~x) depends only on

the current density; all the photon degrees of freedom reside in ~A(t, ~x).

(3e) The variation of the field Abν with respect to spacetime constant parameter θa is
∆aAbν = gfabcAcν . Because the symmetry is internal we also have J µ

a = 0. Hence the
Noether current and its associated charge are:

J
µ
a (t, ~x) ≡ ∂L

∂∂µAbν
∆aAbν − J µ

a = gfabcAbν(t, ~x)F
µν
c (t, ~x) =⇒ Qa(t) =

∫
d3xJ0

a (t, ~x) .
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