PHY 6246 December 4, 2019

Exam #2

(1) This problem concerns the electromagnetic field strength tensor and three space-time
events (in units of meters) whose 3 + 1 decompositions are,
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(a)
(b)
(c)

(d)

()

3 + 1 decompose e’7H" F,; F},;, to express the result in terms of E-E, E-B and
B - B. (16 points)

Are events xlf and 33/5 timelike or spacelike separated? (16 points)

If you answered “timelike”, what is the boost which makes the two events occur at
the same space point, and what is their temporal difference in that frame? If you
answered “spacelike”, what is the boost which makes the events simultaneous, and
what is their spatial separation in that frame? (16 points)

Consider a particle which moves in a straight line from zc/f to x/?f . Suppose we

boost to the frame of another particle which moves in a straight line from zcg to
xé;f . What is the 3-velocity @ of the first particle in the rest frame of the second
particle? (16 points)

Consider two particles which have masses mg and my,. Particle a has the velocity
to go from x’f to zcéf , and particle b has the velocity to go from zcg to x/?f . What is
the inner product pgpgmw of the two particle’s 4-momenta? (16 points)

(2) The first two parts of this problem concern a one dimensional problem whose canoni-
cally conjugate coordinates are ¢ and p.

(a)
(b)
(c)

(d)

Suppose we make the point transformation to a new coordinate ) = é. What is
the most general conjugate momentum P(q,p)? (17 points)

Suppose the original Hamiltonian is H = 2—é2 + %q4p2. Use the transformation of

part (a) to derive the general initial value solution for ¢(t) and p(t). (17 points)

Recall the nonlinear pendulum of mass m and bob length ¢ which is characterized
the angle 6(t) it makes with the vertical. The Lagrangian is,

L= %m£292 — mgl[1 — cos(0)] .

Use action-angle variables to find an exact integral expression for the libration
frequency f(F) as a function of the energy E. (17 points)

Compute the small angle result f(0), and the first order (order migg) correction.

(17 points)

(e) Use perturbation theory to solve for 6(¢) in the small angle limit, and its first

correction about that limit. (17 points)



(3) In parts (a-d) we will assume that the string theorists are too preoccupied to meddle
with electrodynamics, so that Maxwell’s equations are still valid,

V.E=£ , V.B-o,
ﬁxé—%ﬁzuof , VxE+B=0.

C

In this problem you are to find the general solutions for E(¢,Z) and B(t, Z) assuming

—

that p(t,Z) and J(t,Z) are fixed, known but arbitrary functions of space and time.
(a) Spatially Fourier transform Maxwell’s equations and express your result in terms
of E(t, k), B(t,k), p(t, k) and J(t, k). (16 points)

(b) Eliminate the coupling between E and B by taking a time derivative of each of the
bottom equations and then using the other equations. (16 points)

(¢) Give integral expressions for E(t, Z) and B(t, ) in terms of their initial values and
the charge and current densities. (16 points)

(d) Recall that the electric and magnetic field can be expressed using a scalar potential
®(t, ¥) and a vector potential A(t, ¥),

—

E(t,Z) = -V®(@t,7) - A, &) , B@t,&) =V x A7)

Assume the Coulomb gauge condition V- ff(t, Z) = 0 and use your solutions from
part (c) to find the general solutions for ®(¢,#) and A(t, ¥). (16 points)

(e) Now make the further assumption that the string theorists have not changed either
the Yang-Mills field strength or Lagrangian density,

Fa;u/ = auAau - &/Aau - gfabcAb,uAcy ) L= _iFauuFauy .

Recall that, for arbitrary gauge parameter 0,(t, ¥), this theory is invariant under
the internal symmetry transformation,

Aim(t: f) = Aau(t: f) - auea(twf) + gfabcAbu(t7f)90(t7f) :

Suppose 0,(t, Z) is constant in space and time, and use Noether’s theorem to con-

struct the conserved currents (one for each value of a) J," (¢, Z) and the associated
charges Qq(t). (16 points)



